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Abstract 

The Levinson theorem for two-dimensional scattering is generalized for potentials with inverse 
square singularities. By this theorem, the number of bound states in a given m-th partial wave 
is related to the phase shift and the singularity strength of the potential. For the m-wave phase 
shift the asymptotic behaviour is calculated for short wavelengths. 
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I. INTRODUCTION 



The Levinson theorem sets up a relation between the number of bound (b) states iV/ 3 
in a given l-th partial wave and the phase shift Si(k). The theorem was proved for three- 
dimensional (3D) central potentials V(|r|), see the review . Levinson's relation for the 
/-wave phase shift gives <5;(0) — 5z(oo) = 7riV z b . 11 the half-bound (hb) state occurs for the 
s-wave type (l = 0), this is modified to Sq(0) — Sq(oo) = vt(ÍVq + |). The Levinson theorem 
is one of the most beautiful results of scattering theory; it was a subject of studies by many 
authors. 



The Levinson theorem in 3D has been discussed for noncentral potentials 



1,3, 



otentials 0, energy-dependent potentials nonlocal interactions [7j], Dirac partides 



2 



singular 



systems with coupling [1QJ, multichannel scattering JllJ, |12|, multiparticle single- 



13j , and in the inverse scattering theory, even with singular potentials 



channel scattering 

Recently, the Levinson theorem was established for lower-dimensional systems, which 
play an important role in modern physics of condensed matter and in field theories. The 1D 
Levinson theorem was validated for the Schròdinger equation 



with a nonlocal interaction 



lfi|, the 



even in the presence of solitons 



, the Schròdinger equation 
], and the Dirac equation 
2l\ . The Levinson theorem was implemented in the 



Ílein-Gordon equation 



(1+1) gauge theory to calculate the fractional and integer fermion number s [22]. 

Let us consider 2D systems. The 2D Levinson theorem was established for different 
m ode> 8 , toc: for the S« g e r ecuatien Q, the K,ein- G e rd eo e qUati o n 0, and 
the Dirac equation Moreover there exists an extension of the Levinson theorem for 

the Schròdinger equation in D dimensions. There are several methods for studying the 



lower-dimensional 
method 



20 



23, 



26 



jevinson theorem: the Jost function methoc 



28 1 , and the Sturm-Liouville theorem 



27 L the Green function 



24 



25, 



Levinson's 



relation for the partial wave phase has the usual form, as for the 3D case; but the half- 
bound state for the p-wave (1 = 1) contributes exactly like the bound state and gives 
an additional tt to Levinson's relation j2S|. Let us remind that a half-bound state is the 
zero-energy solution for the case when the eigenfunction is finite, but does not decay fast 
enough at infinity to be square integrable. In the 2D case a possible s-wave half-bound 
state does not contribute at all to Levinson's relation, but only the p-wave half-bound 



2 



state. An experimental justification of the Levinson theorem in the 2D case was made in 
Refs. |3(1 13Ï1 for the 2D plasma. All mentioned papers, which discuss the 2D version of the 
Levinson theorem, consider potentials which are less singular than | | 2 . This is a Standard 
assumption, which results in the above mentioned form of the Levinson theorem. 

At present singular potentials become an object of interest. Singular potentials naturally 
appear in singular inverse problems, i.e. in a supersymmetric approach to the inverse scat- 



The 



tering in 3D, when bound states are removed from the regular potential 
short distance behaviour of the singular potential is defined by the inverse square asymp- 
totics at the origin V(r) ~ fio/r 2 ; therefore the resulting effective potential for the partial 
wave U[ (partial potential) in the 3D case has the asymptotic form 

1(1 + 1) v(v+l) 



Ut(r) = V(r) + 



," 2 r^O r 2 

with the singularity strength v = \f (l + 1/2) 2 + (3q — 1/2^1. One can see that the singular 
potential acts as a correction to the centrifugal barrier 1(1 + l)/r 2 . The scattering problem 
for such potentials with an inverse square singularity was solved firstly by Swan, who has 
generalized the Levinson theorem for singular potentials in the 3D case |5j. It reads: 

í í (0)-í l (oo)=7r- + (1) 

In addition to the general importance for the scattering theory, the generalized Levinson 
theorem (JTJ) is useful for the inverse scattering theory, because it gives a possibility to 
determine the parameter of the singular core of the potential from the scattering data. 

In the present paper we establish the 2D analogue of the generalized Levinson theorem (£[]). 
Singular potentials appear in different 2D systems: in the (2+l)-dimensional 0(3)-models 
like 3D — SU(Nf) skyrmions in iVy-flavor meson fields [3^]; in the 2D — 0(3) spin textures as 
charged quasi-particles in ferromagnetic quantum Hall systems j^jj; in different mode. 



34, 



35 



36 



s of 



2D magnets as an effective potential of soliton (vortex)-magnon interaction 

The paper is organized as follows. In Sec. |H] we formulate the scattering problem in 
the 2D case. We discuss the possible supersymmetric nature of singular potentials. The 
scattering problem is solved for the simplest example of a singular potential, i.e. for the 
centrifugal model, in Sec. 11111 A simple qualitative picture of the scattering problem is 
discussed in Sec. IIVI In this section we calculate the phase shift in the short-wavelength 
limit. The generalized Levinson theorem is proved in Sec. |3 A discussion and concluding 
remarks are presented in Sec. IVI1 



II. SCATTERING IN TWO DIMENSIONS: NOTATIONS, PARTIAL WAVE 
METHOD, SINGULAR POTENTIALS 



Let us consider the Schròdinger-like equation in two dimensions: 

-V 2 ^ + V(r)V = idtV. (2) 

For the central (axially symmetric) potentials, V(r) = V(p), we apply the Standard 
partial wave expansion, using the ansatz 

oo 

*(r, t)= ^m(p) • e M^X - iSt) , (3) 

m=— oo 

where (p, x) are the polar coordinates in two spatial dimensions, {m, £} the complete set of 
eigennumbers, £ and m the energy and the azimuthal quantum number, respectively. Each 
partial wave ip^ is an eigenfunction of the spectral problem 

Htfjp) = Stfjp) (4a) 
for the 2D radial Schròdinger operator H = —V 2 + U m (p) with the partial potential 

2 

Tïl 

U m ( P ) = V{p) + -j . (4b) 

Let us formulate the scattering problem. The continuum spectrum exists for £ > 0. Note 
that the eigenfunctions for the free particle, V(p) = 0, have the form 

iftTip) oc JJkp), k = \Í£ > , (5) 

where k is a "radial wave number" , and J m is a Bessel function. The free eigenfunctions like 
■0^ ee play the role of partial cylinder waves of the plane wave 

oo 

exp{ik ■ r - i£t) = i m J m {kp)e mx - i£t . (6) 

m=— oo 

The behaviour of the eigenfunctions in the potential V(p) can be analyzed at large dis- 
tances from the origin, p ^> R, where R is a typical range of the potential V(p). In view 
of the asymptotic behaviour U m {p) ~ m 2 /p 2 , which is vàlid for fast decreasing potentials 
V(p), in the leading approximation in 1/pwe have the usual result 

¥ m OC J\m\(kp) + O m {k)Y\ m \{k p) , (7a) 



where Y m is a Neumann function. The quantity <J m (k) stems from the scattering; it can be 
interpreted as the scattering amplitude. In the limiting case kp 3> \m\ it is convenient to 
consider the asymptotic form of Eq. í)7ajl. 



t/4 oc — cos \kp + 8 m (k)J , (7b) 

where the scattering phase, or the phase shift S m (k) = — arctancr m (fc). The phase shift 
contains all informations about the scattering process. In particular, we give the general 
solution of the scattering problem for the plane wave (Jüj). With Eqs. (jïïj) and (|7a|). the 
asymptotic solution of the Schròdinger-like equation (J2J) for p ^> R can be written 

oo 

*(r,í) = V" C TO ÍJ| m |(A;p) + <r m (A;)yí m [(A;p)) 

(8) 



m=— oo 



x exp(imx — iSt) , 

where C m are constants. To solve the scattering problem for the plane wave let us choose 
the constants C m by comparing Eq. (jHJ) with the expansion (jSJ) for the free motion. Using 
the asymptotic forms for the cylinder functions in the region p ^> 1/k, we obtain 

pikp— i£t 

vI;( r) í) = e iMí + ^( X )^— , 

^) = EEÍZ^i). £ (e «._i).^«. 

V 2irk T~ 



The total scattering cross section is given by the expression 

e = / | F\ 2 dx = y^o m , 



m=—oo 



where g m = (4/fc) sin 2 <5 m are the partial scattering cross sections. 

For regular 2D potentials V(p), the 2D analogue of the Levinson theorem has the form 



24 



5 m (0) - 5 m (oo) = 7T ■ (N* + ■ 5 lml ,i) . (10) 
Here the potential V(p) satisfies the asymptotic conditions 

,.2i 



limpV(p) = 0, (lla) 

p=0 



limpV(p) = 0, (11b) 

p=oo 

which provide a regular behaviour at the origin, and fast decaying at infinity. 

Now we switch to the singular potentials, having in mind to reestablish the Levinson 
theorem. 



5 



A. Potentials with inverse square singularity 



Let us consider potentials with inverse square singularity. At the origin, the potential 
has an asymptotics like V(p) ~ A)/p 2 ; the corresponding partial potential (jiTT 

,2 



^m(p) ~ -7, with v = A/m 2 + /3 7^ 



m . 



p^o p 



Singular potentials like ()12j1 appear in various 2D non-linear field theories, e. 



scattering problem of linear excitations by topological solitons [3í 



33 



(12) 
for the 



34. 



35 



Moreover singul ar p otentials naturally appear from regular ones under Darboux trans- 
formations QHHQ. Let u S recali the principle of Darboux (supersymmetric) trans- 
formations for the 2D case [35]. We suppose that the spectral problem (|4aj) has at least one 
bound state Sq < 0. Assuming that we start from the regular potential under conditions 
then the eigenfunction ipo = ip^ÍP) ma y have the following asymptotic behaviour 



V>o(p) oc 



pl m l, when p — > , 

p -1 / 2 ■ exp (—Kp) , when p — > 00 



(13) 



where k = \/—£q > 0. 

To explain the method we introduce the Hermitian-conjugate lowering and raising oper- 



ators 



A = -± + W(p), A^ = ^- + - + W(p), 
dp dp p 



where the superpotential 



W(p) = -^\n^ 
dp 



(14) 



(15) 



is such that Aipo = 0. By introducing these operators we can represent the Schròdinger 
operator H in the factorized form 



H = A*A + £o, 



(16) 



the factorization energy Sq coincides with the energy of the bound state. Such a factorization 
makes it possible to reformulate the initial problem ()16|) in terms of the eigenfunction ip m = 
Aip m of the spectral problem 



H = AA' 1 + Sn 



Ü m {p) 



(17) 



6 



where the partial potential 

Ü m (p) = U m (p) + \ ~ ^W(p) . (18) 
p 2 dp 

Taking into account the conditions ()13j) . one can derive the asymptotic behaviour of the 
partial potential U m , 

— with v = \m\ — 1, when p — > , 

ÜmíP) ~ P m 2 (19) 

— when p — > oo . 
I P 2 

We see that the eigenspectrum of the new spectral problem ()17)) does not contain the bound 
state ip . The resulting potential has a singularity; in fact, the partial potential U m (p) 
corresponds to the particle potential V(p) = f3/p 2 with the parameter (3 = 1 — 2\m\. After 
a series of n transformations like (fTTj) . we remove n bound states from the spectrum, which 
results in U m ~ v 2 / ' p 2 : , with v = \m\ — n. 



B. Potentials with inverse square tail 

Let us discuss potentials with an inverse square tail, when far from the origin the potential 
V(p) ~ Poo/p 2 ', the corresponding partial potential 

u 2 

U m {p) ~ ^ > with p = ^m 2 + poc ^ m . (20) 



Potentials 
n-field 



32, 



ce ()2U|) are of interest in field theories: in the (2+1) nonlinear cr-model of the 



3 



in models of 2D easy-axis 36] and easy-plane ferromagnets in the cone 



state (37 ]. 

To study the scattering problem let us consider the asymptotic behaviour of the eigen- 
functions. Obviously, at large distances p ^> R, where the scattering approximation is vàlid, 
one can use the partial wave expansion by the cylinder functions of the integer indexes only; 
then the eigenfunction ip^ can be written as J\ m \ + a m Y\ m \ with the asymptotic form (j7b|) . 

On the other hand, in the leading approximation in 1/kp, the solution of the Schròdinger 
equation (plaj) with the potential (}2*ü|) can be written as 

1 f, W - /n \ ( 21 ) 

oc — cos \kp - — -- + 5 fl (k)j, 



where the index of the cylinder functions /í^m, see Eq. (J20J) . 

The phase shift 6 m can be calculated from 6^ by comparing Eqs. ífTE]) and (|2*T|) . 

5 m (k) = ó^k) + ^ — ■ 7T , 



(22) 



in accordance with the results of Refs. 
form for both phase shift s 5 m and 5 M , 



24, 



Note that Levinson's relation has the same 



S m (0) - 5 m (oo) = 5^(0) - <V(oo) • 



III. SCATTERING PROBLEM FOR THE CENTRÍFUG AL MODEL 

For the analytical description of the scattering problem, let us consider the simplest 
model, which includes the main features of the problem, having both inverse square singu- 
larity and inverse square tail. The partial potential of this very simple centrifugal model 2f| 
has the form 

(v 2 

— , when p < R , 
U*( P ) = £ 2 (23) 

— 7T , otherwise , 
{p 2 

with v ^ m, and /i^m. 

This model describes a quasi-free particle in each of the regions p < R and p > R. The 
only effect of the interaction with the potential is a shift of the mode indices: 

. J\ v \(kp) , when p < R, 

tà(r) oc { " l (24) 

J\n\(kp) + a^fyY^kp), otherwise . 



The usual matching condition for these solutions has the form 

= , (25) 



J R 

where [. . .] R = (. . . )\ R+0 — (• • • )| iï _ ) an d the prime denotes d/dp. The calculations lead to 
the scattering phase shift in the form: 



S%(k) = |m| 2 IPI ■ vr - arctan^ f (x = kR) , 
„ cf J | ; | (x)·J| M |(x)-J | ; | (x)·J M (x) (26) 



s 



Using the asymptotic form of the cylinder functions, one can find the long- and short- 
wavelength behaviour of the phase shift 



Iml - Ipl t fkR\ 2M , r 

■7T + A m - ( — I , fci2< 1, 



&)~{ , , 2 , , 2 V / (27) 

m — \u\ u? — v £ 



where A m = 





+ 


v\ 


1/' 




v\ 



(M)! 2 

The Levinson theorem for the centrifugal model can be easily derived from Eq. (J2Tj) : 

€(0) - (g(oo) = vr ■ . (28) 



IV. SCATTERING PROBLEM IN THE WKB APPROXIMATION 

Now we discuss the general case where the partial potential has the asymptotic behaviour 

í 

— , when p — > 0, 

üm(p) ~ < ^2 (29) 
— , when p -> oo, 

with u m, and p,^m. 

The scattering problem can be treated analytically in the short-wavelength limit, kR 3> 1. 
It is natural to suppose that the WKB-approximation is vàlid for this case. We use the 
WKB-method in the form proposed earlier for the description of the scattering for isotropic 
2D magnets 35]. We start from the effective 1D Schrodinger equation for the radial function 
■ipm{p) = u m {p)/^/p, which yields 

d 2 



dp 



+ W eff (p) 



u m = £u 



m i 



um = v{ P ) + 



4m 2 - 1 



(30) 



4p 2 

The WKB-solution of the Eq. (jïïüj), i.e. the 1D wave function u^ KB , leads to the following 
form of the partial wave 

,WKB i / ep 



/'(i 



where V = Vk 2 — U c s. The analysis shows that the Eq. (jïïTj) is vàlid for p > a, where a is 
the turning point. The value of a corresponds to the condition V(a) = 0, which results in 



a ~ \m\/k <C R. We assume that the parameter p satisfies the condition a <^ p <^ R, 
hence 1 ~ ka <C kp <C kR. 

On the other hand, at small distances p <C -R, the partial potential £7 m ~ v 2 /p 2 , i.e. it 
describes the free particle in the form (jïïj) with a shifted index: 

V^(P) oc J\v\(kp), when p < i?. (32) 

For kR ^> there is a wide range of vàlues of p, namely 

\v\/k «p<i2, (33) 

where we can use the asymptotic expression for the Bessel function (IÏÏ21 in the limit kp ^> M 

i F / \ 1 /, 7T 4Z/ 2 — 1\ , . 

tóMcx-co S (fcp- — - Ï + - Sr )· (34) 

In the range (fïïïïj) the solutions (jïïTjl and (jH3| agree due to an overlap in the entire range of 
parameters, so one can derive the phase Xo i n the WKB-solution (JÏÏT)) . 

\u\tt 71 Au 2 — 1 
Xo = kp °- — -4 + ^kpV 

Therefore, we are able to calculate the short-wavelength asymptotic expression for the scat- 
tering wave phase shift by the asymptotic expansion of the WKB-solution (J31j) : 



8 m (k)= limí [ P V(p')dp' + Xo-kp 

H \ J PO 



(35) 

\m 7r 7T 4m 

+ T - 



2 4 8fcp 

Under the condition kp 1, the WKB-integral in (|3"ïï|) can be calculated in the leading 
approximation in 1/fcp, 



[ P v(p'W « fc(p - po) - ^ [ P u cS (p'W- 

Jpo lK J Po 



l p J po 

As result, the scattering phase shift for large wave numbers, k ^> 1/R, has the form 

Iml — \v\ 1 Z" 00 
í m (*0 = vr • ' L □ _ / AU m (p')dp', (36) 



2 2A; 



o 



which contains a general, so-called eikonal dependence 5 oc 1/k. The potential AC/„ 



V 2 Tfí 2 — V 2 

AU m (p) = U m (p) - - = V(p) + — 

p z p z 



10 



has no singularities at the origin, lim p 2 AU m (p) = 0. Note that the scattering phase shift 

p=0 

does not tend to zero for k — > oo, but at some finite value (vr/2) ■ (|m| — \v\). This feature 
is caused by the singularity of the potential at the origin. 

Let us discuss the Levinson theorem. Before proceeding to a formal proof (see the next 
section), it will be useful to present a heurístic argument. We consider the scattering problem 
near the threshold, k = 0. Let us suppose that the potential well is so deep that bound 
states for 8 < can be described by the WKB approximation (j31|) with the phase shifts 
given by (jïïïïj). The WKB-integral in (|33j) can be calculated in the leading approximation in 
kp, 

i V{p')dp' « / V(p')dp' + kp + const, (37) 

J po Ja 

where a and b are the turning points of the quasiclassical motion in the potential U e f, see 
Eq. (|3*ü|). Under such assumptions the Bohr-Sommerfeld quantization rule is vàlid, 



/ V{p')dp' = ir-{Nl + 1 ), (38) 

J a 

where 7 depends on the potential's behaviour near the turning points. Note that the bound 
states are absent, N}L = 0, for the limiting case of the shallow well, V — > 0; this is the case 
for the Born approximation with the general scattering condition 5 m (0) =0 [U,|2|]. Using 
Eqs. (jïïTJ), (|3*5|). this results in the phase shift (|3*3j) in the form 

5 m (0) = 7T • Ni 

for regular potentials. However, in the case of potentials with inverse square singularity, it 
should be shifted by (tt/2) ■ (\m\ — \p\), see Eq. ((22J). Thus, our simple qualitative picture 
leads to the long-wavelength limit of the phase shift, 

U0) = tt • (Ni + M^M) . (39) 



2 

Using the limiting vàlues for the phase shift, Eqs. (jïïïïj), í)39|l. one can calculate Levinson's 
relation: 

6 m {0) - 6 m (oc) =ir-\NÍ + . (40) 

V. THE LEVINSON THEOREM 



Let us enter into a proof of the Levinson theorem. There are three main methods to 
derive the theorem: the Jost functions method, the Green's functions method, and the 

11 



24 1 . 



Sturm-Liouville method, which were used for the 3D case, for the details see Ref. 

To generalize the Levinson theorem, we use the method of the Green functions, as it 
was done for regular potentials by Lin j^j]. We consider the noncritical case, when the 
Schròdinger equation has no half bound states. 



231 ] is to count the number of states in the system by two 



The idea of Lin's method 
different ways. 

The continuous part of the spectrum is discretized to count the number of scattering 
states. Therefore, the total (infinite) number of states in the system does not depend on the 
shape of the potential, it results in 

/OO /*O0 
dS P dp{G[U m ]-G[U^ c }}=0, (41a) 
-oo JO 

where G[U m ] = G m (p, p,£;U m ) and G\U^ e ] = G m (p, p,e;U^ ee ) are the Green functions 
with and without potential, respectively; and the retarded Green function is defined by 

K 

In this method, the number of bound states, 

/0 í>oo 
de pdp{G[U m ]-G[U^ cc ]}. (41b) 
-oo Jo 



On the other hand, the continuous part of the expression ()41a|) can be directly calculated 
without discretization: 



/*oo ^OO 

Im/ de pdp{G[U m }-G[U% l ee ]}=5 m (0)-6 m (oo) 
Jo Jo 



(41c) 



Combining Eqs. (j4*T|) . one can obtain the Levinson theorem in the form (fTUj) . However, the 
method of the Green functions in the form proposed by Lin [23] does not work for singular 
potentials. The reason is that the difference of Green functions G[t/ m ] — G[U^ ee ] in (j41|) has 
a singularity at the origin, hence it is not integrable. 

That is why we need to generalize the method for the case of singular potentials. The idea 
is to compare the required partial potential U m not with the free particle partial potential 
U^ ee , but with another potential U^, which could compensate the singularities of U m . As we 
have mentioned before, the number of states does not depend on the shape of the potential. 
It means that repeating the same proof, Eqs. (|41|) can be easily generalized for the systems 



12 



G[U m ] and G[U^\ with two different potentials U m and U^: 

d£ / pdp {G[U m ] - G[U m ]} = 0, (42a) 

-oo JO 

d£ pdp{G[U m ]-G[U* m ]} 

-oo J0 

= -TT ■ « - N%) , (42b) 
Imj dS pdp{G[U m ]-G[U* m ]} 

= 6 m (0) - 6 m (oo) - 5* (0) + C(oo), (42c) 

where N m * and 5m(&) are the number of bound states and the scattering phase shift for the 
system with the partial potential U m = V* + m 2 / p 2 . 

Note that choosing V* = 0, one can obtain Levinson's relation for the regular potentials 
in the form of Lin 23j, see Eqs. (|4ip. which leads to the Levinson theorem (jlOj) . 

However, in the case of a singular potential, we need to choose V* in the form which has 
the same singularities as the potential V. To solve the problem we set = ; hence both 
partial potentials U m and the centrifugal potential have the same features. Therefore, 
Eqs. (14 lj) with account of Levinson's relation (|2*H|) . lead to the following form: 

6 m (0) - 5 m (oo) = tt ■ (n* + } (EDI) 

so we reestablish the generalized Levinson theorem in the form (|40|). 

Let us discuss the result. To explain the meaning of the extra term (7r/2) ■ (\u\ — \p\) in 
the generalized Levinson relation ()4ÜI|) . let us remind that in the partial wave method the 
scattering data are classified by the azimuthal quantum number m, which is the strength of 
the centrifugal potential. In the presence of the potential with an inverse square singularity at 
the origin like U m ~ v 2 j p 2 , the effective singularity strength is shifted by the value \v\ — \m\, 
which results in a change in the short-wavelength scattering phase shift by (vr/2) ■ (\m\ — 
The same situation takes place for the potentials with an inverse square tail at infinity like 
U m ~ A i2 /p 2 · The effective singularity strength is shifted now by the value \p\ — |m|, and the 
long-wavelength scattering data are changed by (tt/2) • (\m\ — |//|). As result, the correction 
to the Levinson's relation is 



\m\ — \p\ \m\ — \v\ \v\ — \p\ 

TT ■ 71 ■ = 7T 



2 2 2 

Such a correction looks like a modification in the classification of the scattered states, both 
at the origin (i/j m — ► ip u ), and at the infinity (ip m — > ip^). However, we need to stress that 

13 



the singularity strengths v and n can assume any real vàlues, while the quantum number m 
is always integer. 



VI. CONCLUSION 



In conclusion, we have established the analogue of the Levinson theorem in the case of 
two-dimensional scattering for central potentials, which are independent of both the energy 
and the azimuthal momentum m, but have inverse square singularities and tails. 

The presence of m-dependent potentials can essentially change the scattering picture: 
the symmetry 5 m (k) = 5^ m (k) is broken, so it is not enough to take into account partial 
waves with m > only. As result Levinson's relation (|4üj) has a different form for opposite 
m. Moreover, the threshold behaviour for the half-bound states changes, so the contribution 
of the half-bound states in the form (jlUj) may be not adequate. 

The generalized Levinson theorem (1401(1 can be applied to different physical problems. For 
example, it becomes a central point in the singular inverse method |l5j], giving a possibility 
to derive the potential from the scattering phase shift. At the same time it provides a 
method to count bound states. The method can be used in various 2D field theories with 

2 D plasma 3(1 



311 ]. nuclear physics |32j, quantum Hall effect 



applications to the physics o: 
33| |. and 2D magnetism jjy, 



35 



36 



The method of the 2D radial Darboux transformations, considered in the paper, can be 
applied to the supersymmetric quantum mechanics, e.g. for the problem of phase-equivalent 



potentials 



me sup 

30, 



16 



38, 



39(, even for energy-dependent potentials 



0. 
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